We present a unified treatment of the band circulant matrices which occur in the periodic spline and histospline projection theory with equispaced knots. Explicit bounds for the norm of these matrices are given.
Introduction
For the n > 1 degree periodic spline and histospline projections on a uniform partition of a periodic function we have to consider linear derivative (see [7] ) .
The regularity properties of the matrices p (v,P) are useful in establishing existence results and, together with bounds for the uniform matrix norm of the inverses, in obtaining convergence results (see [5] ).
The object of this paper is to review the properties of the polynomials P n (t>x) and, using elementary facts about circulant matrices, to present a unified treatment of the matrices p (t 3 P) . 
Definition and Examples
Let t e M . The polynomials P n (tyX) are defined as follows irP^ttsX) and i t i s known (see n (n) k 3t fc n [3] or [7] ) that I t follows that p^Ctj-) = 1 3 and for n > 1 we have recurrence relations for the polynomials p (t } •)
and for the coefficients a (t,j) 
Properties o f the polynomials p ( t , -)
The polynomials p (t } -) have been analyzed by several authors (see [3] , 16], [7] , [S] and [9] ) and are closely related to the exponential Euler polynomials. In this section we recall their properties without proof.
For all n z 0 we have
where EC-} is the Euler polynomial degree n. 0
The next theorem has been obtained by several authors for t e LO } 1] (see [6] , [7] , [9] ) and the extension to t e (-e, 1+z) is given in [3] . are real, distinct and nonpositive. This result can be obtained from the fact that the coefficients of the polynomials form a Polya frequency sequence (see [9] ). But this is not the case when t £ 10,12 .
^(t) is the ith root of p (t,x) for all t e (-z, 1+z) (except for i = n when t = 0 ). These functions are such that
From these theorems we can prove the following consequences. 
(O,-l)\ = \p n (l,-l)\ if n is odd, \p (h,-l)\
if n is even. 
Regularity properties and explicit bounds

N-lxl
A similar decomposition can be done for p(P) = P -I . fa Now we apply these results to the matrix p (t,P) and obtain the following results. To obtain q (t,-l) = -% p j(t,-l) we use (2) and Corollary 5. To complete the proof of the part (ii) we use parts (i) and (iii) of Corollary 9 and the fact that the generalized inverse of a circulant matrix is a circulant matrix [7, p.87] . D
We observe that the bound of part (i) of the Theorem 11 is a minimum when the denominator is a maximum. From Corollary 6, this happens when (i) n is odd and t = 0 (or 1 ) , (see also [4] ) , then
(ii) n is even and t = % , then 
